We prove that, e.g., in
Definition 1 For a partial order (P, ⊏) we define
• Depth(P, ⊏) = sup{|F | : F ⊆ P is well-ordered by ⊏ } [the depth]
• cf(P, ⊏) = min{|F | : F ⊆ P is ⊏-cofinal which mean that for every p ∈ P there is q ∈ F such that p ⊑ p } [the cofinality].
Our result (Theorem 4) states that under suitable assumptions the depth of the partial order ( κ γ, < [κ] <µ ) is at most |γ|. In particular, letting µ = ℵ 1 , κ = |γ| = ℵ 3 we obtain that in (ω3) (ω 3 ) there is no sequence of length ω 4 increasing modulo the ideal of countable sets. However, e.g., for the ideal I = [ω 3 ] ≤ℵ0 it is harder to get long increasing sequence, as above for "high µ", this leads to pcf results e.g. if we assume thatλ = λ i : i < ω 3 ∈ ω3 Reg, and in ( λ , < I ) there is an increasing sequence moduo I of length say > 2 ℵ3 + sup{λ i : i < ω 3 } are much stronger than known consistency results. Even for I Problem 3 Is it consistent that θ θ contains < I -increasing sequence of length θ + when θ = κ
Notation: Our notation is rather standard and compatible with that of classical textbooks (like Jech [J] ).
1. Ordinal numbers will be denoted be the lower case initial letters of the Greek alphabet α, β, γ, δ, . . . (with possible subscripts). Cardinal numbers will be called κ, λ, µ, θ.
For a set X and a cardinal
<θ , respectively) stands for the family of subsets of X of size θ (< θ, respectively). 
P r o o f. Assume towards contradiction that there is a < J -increasing sequence f ζ :
µ be cofinal of cardinality ≤ θ (exists as |γ| ≤ θ and cf([θ] µ , ⊆) ≤ θ). For every s ∈ S and β < κ, ζ < θ + we let
Now, for each s ∈ S we have
For s ∈ S we define
Plainly, we may choose a sequence C s β : β < κ, s ∈ S such that
Then, as |S| ≤ θ and κ ≤ θ, we have ( * ) 4 the set C := {C s β : s ∈ S and β < κ} is a club of θ + .
Choose a sequence α ε : ε < µ + ⊆ C increasing with ε. Then, for all ε < ζ < µ + ,
We have assumed that µ + < κ, so we can find δ < κ such that ( * ) 6 (a) I(δ) = [δ, δ + µ) is disjoint from {u ε,ζ : ε < ζ < µ + }, and hence (b) the sequence f αε (i) : ε < µ + is increasing for each i ∈ I(δ).
As |I(δ)| = µ and S ⊆ [γ] ≤µ is cofinal (for the partial order ⊆), we can find s ∈ S such that
It follows from ( * ) 6 + ( * ) 7 that for every i ∈ I(δ)
As α 0 < α 1 are from C and I(δ) / ∈ J , recalling ( * ) 2 + ( * ) 3 + ( * ) 4 , clearly
Therefore, as α ε ∈ C ⊆ C s δ for ε < µ + and α ε is increasing with ε, we have ( * ) 10 for every ε < µ + there is i ε ∈ I(δ) such that
and hence there is j ε ∈ s such that modified:2009-08-24 mlq header will be provided by the publisher 5
and therefore
But |I(δ)| + |s| = µ < µ + , so for some pair (j * , i * ) ∈ s × I(δ) we may choose ε 1 < ε 2 < µ + such that ( * ) 11 j ε1 = j ε2 = j * and i ε1 = i ε2 = i * .
But the sequence f αε (i * ) : ε < θ + is increasing by ( * ) 6 (b) (see the choice of δ), so
It follows from ( * ) 10 (γ)+( * ) 11 that the ordinal j * belongs to [f αε 1 (i * ), f αε 1 +1 (i * )) and to [f αε 2 (i * ), f αε 2 +1 (i * )), which are disjoint intervals, a contradiction. 
